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Abstract. In this article we investigate the structure of a twisted cohomology 
group of the first homology of a trivalent graph with a coefficient associated 
with its quantum Clebsch-Gordan condition. By using this investigation we 
shall show the existence of the external edge cocycles defined in [3] and a finite 
algorithm to construct such cocycles. Such cocycles are used for a combina- 
torial realization of the Heisenberg action on the space of conformal blocks 
studied by Andersen and Masbaum [1] and Blanchet, Habegger, Masbaum 
and Vogel [2]. Moreover we shall give a characterization of their cohomology 
classes in our combinatorial setting. 

1. Introduction 

The space of conformal blocks or a TQFT-module, which is a fundamental object 
in conformal field theory over Riemann surfaces or (2+l)-dimensional topological 
quantum field theory, has several significant symmetries including the action of 
the mapping class group of the surface. Andersen and Masbaum [1] and Blanchet, 
Habegger, Masbaum and Vogel [2] investigated the action of a certain Heisenberg 
group in the SU(2)-case, and their considerations are the starting point of what 
they call spin-refined TQFT. They studied in holomorphic and topological settings 
respectively. They determined the characters, and hence the isomorphism classes 
of the Heisenberg action. On the other hand, it is known that the dimension 
of the space of conformal blocks is equal to the number of certain combinatorial 
objects, admissible weights of a trivalent graph. Here we consider the dual graph 
of a fixed pants decomposition of the surface. In our paper [3], we constructed a 
combinatorial counterpart of that Heisenberg action and obtained representation 
matrices of the action in terms of admissible weights of the trivalent graph. In the 
construction we introduced a certain twisted 1-cocycle of the first homology of the 
graph. Namely, in [3] we showed that if there is a twisted 1-cocycle satisfying a 
natural condition which we call the external edge condition then we can construct 
an isomorphic Heisenberg action studied in [1] and [2]. In [3] we treated trivalent 
graphs, but some ingredients in it including the notion of the external edge condition 
can be defined for every unitrivalent graph, not only for every trivalent graph. In 
this article we shall show the existence of twisted 1-cocycles satisfying the external 
edge condition (we call it external edge cocycles) and a finite algorithm to construct 
such cocycles for a given unitrivalent graph and a positive integer called the level. 
Such a generalization for unitrivalent graphs leads us to a characterization of the 
twisted cohomology classes defined by the external edge cocycles. We shall show 
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that such classes are characterized by a certain functoriality with respect to cutting 
and pasting of graphs and behavior for genus one cases. 

The author's research is supported by Research Fellowship of the Japan Society 
for the Promotion of Science for Young Scientists. 

2. Notations and definitions 

Let T be a unitrivalent graph with 3g — 3 + 2n edges {fi}, 2g — 2 + n trivalent 
vertices {vi} and n univalent vertices {w m }. We assume that first n edges /i, • • • , fa 
have univalent vertices wi, ■ • ■ ,w n . Note that the first homology of T with Z2- 
cocfficicnt is isomorphic to Z|. Fix a positive integer k and half integers j' = 
(ii) ' ' ' yJn) <= {0, 5, • • • , ■§}"• Now we recall the definition of the admissible weights 
of level k for (T-J 1 ). 

Definition 2.1 (Admissible weights). A labeling of the set of edges j = (ji) : 
{/;} — > {0, |, • • • , |} is an admissible weight of level k for (r; j') if = fi f° r 

i = 1, ■ ■ ■ n and the following condition, which is called the quantum Clebsch-Gordan 
condition of level k, is satisfied for each trivalent vertex Vi with three edges fa , fa 
and fa ; 

f ji! + ji 2 + ji 3 e Z 

\ \jn — i«2 1 — i»3 — i»i ^ i«2 
[ iii + fa + ji 3 < k - 

Here we put ji := j(fi). If a trivalent vertex Vi has only two edges fa and /j 2 = /j 3 
then we interpret these conditions as a corresponding condition with j i2 = j i3 . 
Denote the set of all admissible weights of level k for (T;j>) by QCGk(T; j'). Note 
that if j[ + ■ ■ ■ + j' m £ Z then one has QCG k (T;f)=<D. 

Now we define an action of -ffi(r) on the finite set QCGk(T;j') as follows. 

Definition 2.2. We can define an action of Hi(T) on QCGk(T;j') by; 

-> k 
A : j ^> A • j = (ji, • • • , - - ji, ■ ■ ■ , hg- 3 ), for all I with ft lying on A. 

Indeed one can check that this operation preserves the QCGfc-condition by direct 
computations. Denote by QCGk(T;j') the quotient set with respect to this action 
and by j the equivalence class of j. 

Example 2.3. For the graph T in Figure 1 and A = fa + fi + fb + fe, the action 
of A on QCGfe(r;j') is given by; 




Figure 1. 
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Wc define an abclian group acted on by -ffi(r) as follows. 

Definition 2.4. Put A(T;f) := (C x )QCG k (T-J>) and define the action of H^T) 
on A(T; j') by interchanges of the entries; A : (cj) ( c a.j)- By using this abelian 
group we can consider the twisted cochain group C*(T;j') := C*(Hi(T);A(T;j')) 
and its cohomology group H*(T;j') := H*(H\ (T); A(T: f j). 

3. Structure of the first cohomology 

Our main interest is the first cohomology group H 1 ^; j'), which is the group of 
twisted homomorphism modulo coboundaries. 

Theorem 3.1. We have the following description of the first cohomology. 
H\T;f) = _0 ffi(r)5, 

where we put #i( r )j := {A G H^T) \\-j=j} and (•)* := Hom( • ,C X ). 

To show Theorem 3.1 we first show the following lemma. 
Lemma 3.2. We have the following description of the first coboundaries. 
B\T;f) ={S= (Sj) G Z\T-j>) \ Sj(X) = for all j G QCG k (T;j') and A G H^j} 

This lemma follows from Proposition 4.7 in [3]. 

Proposition 3.3 ([3], Proposition 4.7). Let G be an abelian group acting on a 
finite set A and R an abelian group. Then G naturally acts on R A by interchanging 
the entries; g : (r a ) aeA ^ (r g . a )aeA (g € G). Let t : G —> R A , r(g) = {r a (g)) be 
a twisted 1-cocycle. Then the cohomology class of r is equal to in H 1 (G;R A ) if 
and only if T a (g) = for all a G A with g ■ a = a. 

Proof of Theorem 3.1. Define a homomorphism : Z 1 ^; j') — > je QCG k (r-f') 

by ip(6) : A ^ Sj(X) for S G Z 1 (T;f) and A G #i(r)j- Note that dj(-) depends only 

on j G QCGk(T;j') over Hi(T)j because of the relation 

S x ,j(X)S-(X') = Sj(X + A') 

= 5 A .j(A')^(A) = S](X')S;(X). 

It is clear that the kernel of <p is equal to the group of coboundaries by Lemma 3.2. 
We show that ip is surjective. Fix e = (ej) G ]e QCG k (r-?) an< ^ ta ^ e 

a lift ij : Hi(T) -> C x of sj : i?i(r)j -» C x for each j. Define a map 6 : 
Hi(T) — > A(r;j') by ^j(A) := £j(A). Then one can check that this (5 is a twisted 
homomorphism and <p((5) = e, and hence <p is surjective. □ 

4. Existence of the external edge cocycles 

In this section we show that there is a finite algorithm to construct twisted 
1-cocycles satisfying the external edge condition. That is a kind of corollary of 
the proof of the surjectivity of in Theorem 3.1. The external edge condition was 
defined for trivalcnt graphs in [3] . But it can be defined for unitrivalent graphs, and 
such a generalization is essential in the next section. We first introduce A-external 
(resp. internal) edges. 
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Definition 4.1 (A-cxternal/ A- internal edges). Let T be a unitrivalent graph. For 
A e Hi(T) an edge /; e T is said to be a X- external edge if the cycle A on T does not 
pass through /; and one of the vertex of // lies on A and the other is not. If A does 
not pass through /; and all vertices of /; lie on A, then we call // is a X-internal 
edge. If A does not pass through // and all vertices of /; lie on A, then we call fi 
is a X-internal edge. See Figure 2 for example. For A e H\ (T) we denote the set of 
all A-external edges by Ex(X). 




external 



Figure 2. 

Definition 4.2 (External edge condition). Fix a positive integer k. Let (T;j') be a 
pair of a unitrivalent graph and n half integers. Let S = (Sj) : Hi(T) — ► A(T;j') be 
a map. We say that S satisfies the external edge condition if the following condition 
is satisfied; 

Sj(X) = exp tt\/^T ^2 3l for a11 ( A > 1) with A ' 3 = 3- 

\ fieEx(X) J 

We call a cocycle satisfying the external edge condition an external edge cocycle and 
a cohomology class represented by a external edge cocycle an external edge class. 

Remark 4.1. For a given k and a pair (T;j'), the external edge class is unique 
because of Lemma 3.2 (if it does exist). 

Remark 4.2. If k is an odd number, then one can check that Hi(T)j = {0}, 

i? 1 (r; j') = {0} and the trivial cocycle satisfies the external edge condition. So we 
mainly concern with the case of even k. 

Theorem 4.3. For each pair (T;j r ) and a positive integer k there exist external 
edge cocycles. 

Proof. By Theorem 3.1 it is enough to check that the map e = (ej) : @j Hi(T)j — ► 
C* provided by the external edge condition; 

£ J : A i— > exp j 7r\/— I A (Aeffi(r)j) 
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is a group homomorphism. In other words we have to check that 
H 3l= 3v + 3i" mod 2 

f l eEx(\i+\ 2 ) f v eEx(\i) f l ,,eEx{X 2 ) 

for Ai,A 2 G Hi(T)j. Note that Sj depends only on j. Indeed we have that for 

A'etfi(r) 



X] (( A ' ■ 3)i - 3l) = ( cvcn number) 

fieEx(X) 



xl r J! - 



mod 2 



because there are even numbers of the intersection edges fi i e AnA' and the weights 
on Ex{\) are integers because of the QCGfc-condition. To show the required rela- 
tion it is enough to consider two local situations in Figure 3. 



(i) 



(2) 



X 2 



Xi 



Figure 3. 

By direct computations one can check that cancellations occur in these local situ- 
ations. We only note that if the second situation occurs then we have k = mod 4 
by the QCG^-condition. □ 

Remark 4.3. According to the proof of Theorem 3.1 we have a finite algorithm to 
construct external edge cocycles for a given k and a pair (T;f). But we have had 
no canonical construction of any external edge cocycles yet. 

5. Characterization of the external edge condition 

In this section we give a characterization of the external edge classes in our 
combinatorial setting. 

Definition 5.1. Fix a positive integer k. For a pair (T;j') of a unitrivalent graph 
and n half integers denote by C(T;j') the C- vector space generated by the finite set 
QCGk(T;j') and by \j) a basis corresponding to j e QCGk(T;j'). For a twisted 1- 
cocycle S e Z 1 ^;?) we can define a homomorphism p{8) : H\{T) — > GL(C(T; j')) 
byp(5)(X)\j):=6 1 (X)\\.j). 

Proposition 5.2. Let Si,S 2 : Hi(T) — ► A(T; j') be two twisted 1-cocycles. As- 
sume that their cohomology classes coincide; [Si] = [62] G i/ 1 (r;j / ). Then two 
representations p{8i) and p(b~i) of H\(T) on C(r;j') are isomorphic to each other. 

Proof. Fixe = (cj) G C°(T;j') = A(T;f) which cobounds SiS^ 1 , i.e, <5i(A) < 5 2 (A)- 1 = 
(A • c)c _1 for all A G Hi(T). Then one can check that the map <j) c ■ C(T;j') — » 
C(T;j') defined by <j> c \j) — cj\j) gives an intertwiner between p(6i) and p(#2)- O 
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Remark 5.1. By the construction we have (j) Cl c 2 — 0ci</>c 2 for ci,C2 € C°(T;j'). 
This implies that the representation space (C(T;j'),p(5)) is canonically defined for 
the cohomology class [5] . 

Consider a decomposition of the graph T into 1^ and T 2 . (Here Ti or T 2 may 
be empty. See Remark 5.2 also.) Associated with this decomposition we have the 
decomposition of QCG k (T; j'); 

QCG k (T;f) =\_\QCG k (T 1] j[,f>) x QCG k (T 2 ;f 2 ,f'), 

3" 

where j[ (rcsp. j 2 ) is a pair of half integers which are entries of j' on the univalent 
vertices on Ti (rcsp.r 2 ). In this operation we say that j[, j") and (T 2 ; j' 2 , j") 
are a decomposition of (T;j'). Now for fixed j e QCGfc(T 2 ; j' 2 , j") we have an 
inclusion 

l 3 : QCG k {YvJi.J') x {]} QCG k (T;f) 
and the induced projection 

i%: A(T; ?) -> A(Ti ;/(,/')• 

Combining with the inclusion ff^ri) ^ i?i(r) these data induce the cochain map 
(denote it by the same letter) 

Remark 5.2. In this article we mean a decomposition of the graph by cutting some 
internal edges in T. See Figure 4 below. 





Figure 4. 

Now we define an equivalence relation ~r between representations induced by 
the cocycles. 

Definition 5.3 (Equivalence under the factorization). We call two twisted 1- 
cocycles 5\ and 5 2 are equivalent under the factorization if for any decomposition 
of (r; j') into (T';j'i,j") and {T";j' 2 ,j") the induced representations p{i%{8\)) and 

p((4((5 2 )) onC(r"; are isomorphic representations for all j G QCG k (Y" ; j 2 , j"). 

We denote <5i ~r <$2 if 5i and (5 2 are equivalent under the factorization, and we de- 
note by [d]r the equivalence class of a twisted 1-cocyclc S. 
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Theorem 5.4. Let R(T;j') be the set of equivalence classes of twisted 1-cocycles 
under the equivalence relation ~r- The map p : R(T;j') — > iJ 1 (r;j') defined by 
p{[S}r) = [5] gives an isomorphism. 

Note that R(T;j') has a structure of an abelian group induced from that of 
Z x (T;j'); [<5i]r ■ [^]r : = [^l^lr- The isomorphism given in the theorem is an 
isomorphism between abelian groups. By definition the map p is surjective (if it 
is well-defined). To show the well-dcfinedness and the injectivity we first show the 
following special case. 

Proposition 5.5. Let T{n) be a unitrivalent graph having n univalent vertices and 
satisfying Hi(T(n)) = 7L 2 (Figure 5). Then we have that p(S\) and p{b~2) are iso- 
morphic if and only if their cohomology classes coincide; [Si] — [S 2 ] G i? 1 (F(n); j'). 




Proof. Let A be the generator of Hi(T(n)). By Lemma 3.2 it is enough to show 
that if p(Si) and p{8 2 ) are isomorphic then (Si)j(X) = (S 2 )j(X) for all pairs (A, j) 

with A • j = j. Note that if there is such j, then it is equal to jo : = {f 1 \i • • • , \ )• 
By the assumption p(6i) and p(<5 2 ) are isomorphic, in particular we have that 
(^) Jo (A) = Tr(p(^)(A)) = Tr(p(S 2 )(X)) = (<5 2 ) Jo (A). □ 

Lemma 5.6. The map p is well-defined. 

Proof. We have to check that 5i ~r S2 then [Si] is equal to [S 2 ] in i? 1 (r;j'). 
By Lemma 3.2 it is enough to show that (Si)j(X) = (S 2 )j(X) for all pairs (A, j) 

with X ■ j = j. Fix such a pair (A, j). Consider a decomposition of T into two 
unitrivalent graph T(A) and r'(A) as follows. For A G -Hi(r), we first cut A-cxternal 
and A-internal edges of T. Then we define T(A) to be the component of this graph 
which contains the cycle A and r'(A) to be the complementary graph. 



r 




Figure 6. 
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Note that r(A) can be written T(n') for some n' (or as a disjoint union of such 
graphs). By the assumption induced representations p(l% (Si)) and p(u% (S2)) on 

C(r(A); j', j[) are isomorphic representations for all j'3 <G QCGk(T'(X); j' 2 , j"). In 
particular by Proposition 5.5 we have that 

(^i)j(A) = (£(&)) (A) = (A) = (* 2 ) j( A), 

JO JO 

where j'J> e QCG k (T(X);j' satishes % (f") = j and A • = □ 
Lemma 5.7. The homomorphism p is injective. 

Proof. We show that if /?([(>] r) = [<*>] = then 5 is equivalent to under the 
factorization. Take a decomposition (Ti; and (T2; j^j") of (r; j') arbitrary. 

Then we have a homomorphism 1% : H (T; j') — > i? (ri;j(, j"). By the assumption 

we have that i%[5] — and hence the induced representation p(i%(8)) on C(Ti ; j[ , j") 
is isomorphic to p(0) by Proposition 5.2. In particular we have <J~r 0. □ 

By Theorem 4.3 and Lemma 3.2, there exists the unique external edge class for 
each pair (T;j') . Denote the class by cWtfT;.?']- The following follows from the 
definition of the external edge condition. 

Proposition 5.8. The mapping (T;j') <5 cxt [r; j'] is functorial with respect to the 
factorization, that is, for every decomposition and (Fz'i&ij") of(T;f) 

we have i%5 ext [T; j'] = $ ex t[Ti; j[, ]"}■ 

Lemma 5.9. A functorial mapping (T;f) 1— » [5(T; j')] G H 1 ^; j') is characterized 
by values at all pairs of the form (T(n);j'). 

Proof. We show that if two functorial mappings {[<5(r; j')]} and {[5'(r;j')]} satisfy 
[S(T(n):f)} = [S'(T(n);j')] for all (T(n);f) then we have [5(T;j')} = [S'(T;j')] for 
all (T;j'). Fix a pair (T;f) and a cycle A £ Hi(T). Then by the same argument in 
the proof of Lemma 5.6, one can show that 5^(T; j')(X) — 5'-.(T;j')(X) for all pairs 

(A, j) with A • j = j. □ 

Combining with these arguments we have a characterization of the external edge 
classes. 

Theorem 5.10. The external edge classes are unique classes which define a func- 
torial mapping satisfying i%S ext \T;j'] = <5 ext [Ti ; j[ , j"] for any decompositions of 

(T;j r ) with Ti = T(n') for some n' . 

Remark 5.3. In the case of T = T(n) there is a standard external edge cocycle 
tfext(T(n); f) = (Jext(T(n); defi ned by 

WlXn); j')j(X) = { c ^/~^ + ' ' ' + '«) <? = io) 
3 I 1 Uf Jo) 

for j e QCG k (T(n);f) and the generator A of Hi(T(n)). 



EXTERNAL EDGE CONDITION AND GROUP COHOMOLOGIES 



9 



References 

[1] J. E.Andersen and G. Masbaum, Involutions on moduli spaces and refinements of the Verlinde 

formula, Math. Ann., 314 (1999), 291-326. 
[2] C. Blanchet, N. Habegger, G. Masbaum and P. Vogel, Topological quantum field theories 

derived from the Kauffman bracket, Topology 34, No.4 (1995), 883-927. 
[3] H. Fujita, A combinatorial realization of the Heisenberg action on the space of conformal 

blocks, arXiv:math.GT/0708.3309, submitted. 

Graduate school of Mathematical Sciences, the University of Tokyo, Komaba 3-8-1, 
Meguro-Ku, Tokyo, 153-8914 Japan 

E-mail address: hajimeOms.u-tokyo.ac.jp 



